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1 Complex Numbers

De• nitions

De• nition 1.1 Complex numbersarede• ned asordered pairs � � � � �
Points on a complex plane. Real axis, imaginary axis, purely imaginary numbers. Real

and imaginary partsof complex number. Equality of two complex numbers.

De• nition 1.2 Thesumand product of two complex numbersarede• ned as follows:� � 	 
 � 	 �  � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � �  ! "  # $ � � % �  & ' ( ' ) * + ( ' ) , + ) ' ( -
In therest of thechapter use . / . 0 / . 1 / 2 2 2 for complex numbersand 3 4 5 for real numbers.

introduce 6 and 7 8 9 : 6 ; notation.

Algebraic Properties

1. Commutativity 7 < : 7 = 8 7 = : 7 < > 7 < 7 = 8 7 = 7 <
2. Associativity? 7 < : 7 = @ : 7 A B C D E F C G E C A H I F C D C G H C A B C D F C G C A H
3. DistributiveLaw C F C D E C G H B C C D E C C G
4. Additiveand Multiplicative IndentityC E J K L M L N O P Q
5. Additiveand Multiplicative InverseR Q P S R T U R V WQ X Y Z [ \] ^ _ ` ^ a b `] ^ _ ` ^ c d e fg h
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6. Subtraction and Divisioni j k i l m i j n o k i l p q i ji l m i j i r jl
7. Modulus or AbsoluteValue s t s u v w x y z x
8. Conjugatesand properties { | w } ~ z | � w � } z �{ � � � � � � � � � �� � � � � � � � �� � �� � � � � �� �
9. � � � � � � �� � � � � � �� � � � � � � � �� �

10. Triangle Inequality � � � � � � � � � �   � ¡ � � ¢ �

Polar Coordinates and Euler Formula

1. Polar Form: for
� £¤ ¥ , � ¤ ¦ § ¨ © ª « ¬  ® ¯ ° ± ²

where ³ ´ µ ¶ µ and · ¸ ¹ º » ¼ ½ ¾ . ¿ is called theargument of À . Since ¿ Á Â Ã Ä isalso
an argument of Å Æ the principle value of argument of Å is take such that Ç Ä È É ÊË Ì For Í Î Ï the Ð Ñ Ò Ó isunde• ned.

2. Euler formula: Symbollically,Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ Û ß à Ü á
3. â ã â ä × å ã å ä æ ç è é ê ë ì í îï ðï ñ ò ó ð

ó ñ ô õ ö ÷ ø ù ÷ ú î
ï û ü ý û þ û ÿ

4. deMoivre’sFormula � � � � � � � � � � � 	 û ü � � � 
 � � � � � � 
 �
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Roots of Complex Numbers

Let � �  � � � then � � � � � � � � � � � � � � � �� � �  !" # #
There are only " distinct roots which can be given by  $ % & ' & ( ( ( & " ) ' ( If * is a

principlevalueof + , - . then * / " is called theprinciple root.

Example1.1 Thethreepossiblerootsof 0 1 2 34 5 6 7 8 9 : ; < = > ? @ A B C D are E F G C B H I E F G C B H J F H G C D I E F G C B H J F K G C D .

Regions in Complex Plane

1. L M N O P of Q R isde• ned asaset of all points S which satisfyT S U S R T V W
2. X Y Z [ \ ] ^ _ ` a of b c isanbd of b c excluding point b c .

3. Interior Point, Exterior Point, Boundary Point, Open set and closed set.

4. Domain, Region, Bounded sets, Limit Points.



2 Functions of Complex Vari-
ables

Functions of a Complex Variable

A d e f g h i j k l de• ned on a set m is a rule that uniquely associates to each point n of m a

acomplex number o p Set q iscalled the r s t u v w of x and y iscalled thevalueof x at z
and isdenoted by x { z | } y ~x { z | } x { � � � � | } � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   ¡ ¢ £ ¤ ¥ ¦ § ¨ ©
Example2.1 Write ª « ¬  ® ¯ ° ¬ ± in ² ³ ´ µ form.² « ¶ · ¸  ® ¹ º » ¼ ½¾ ¿ ½ À ¼ ½ Á ½ and Â Ã Ä Å Æ Ç È É ¿ ¼¾ ¿ ½ À ¼ ½ Á ½Ê Ã Ë Å Ì Ç È Ë Í É Î Ï Ð Ñ Ì and Â Ã Ë Å Ì Ç È Ò Ë Í É Ð Ó Ô Ñ Ì
Domain of Õ is Ö × Ø Ù Ú .

A Û Ü Ý Þ ß à á â ã ä å æ ç è é ê ç ë ì í î ï ë is a rule that assigns more than one value to each point of

domain.

Example2.2 ð ñ ò ó ô õ ö ÷ This function assigns two distinct values to each ö ø ùú û ü .
Onecan choose the function to besingle-valued by specifyingõ ö ú ý õ þ ÿ � � � �
where � is theprincipal value.

Elementary Functions
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1. Polynomials � � � � 	 
 � � 
  � � 
 � � � � � � � � 
 � � �

whrere thecoef• cientsare real. Rational Functions.

2. Exponential Function

� � � � � � � � �� � � � �� �  ! ! !
Converges for all " # For real " the de• nition coincides with usual exponential func-
tion. Easy to see that $ % & ' ( ) * +  , * - . + . Then$ / ' $ 0 1 ( ) * 2  , * - . 2 3

a. $ / 4 $ / 5 ' $ / 4 6 / 5 .
b. $ / 6 7 8 % ' $ / #
c. A line segment from 1 9 : ; 3 to 1 9 : < = 3 maps to a circle of radius $ 0 centered at

origin.
d. No Zeros.

3. Tr igonometr ic Functions

De• ne

( ) * " ' $ % /  $ > % /<
* - . " ' $ % / ? $ > % /<@ A . " ' * - . "( ) * "

a. * - . 7 "  ( ) * 7 " ' B
b. < * - . " C ( ) * " 7 ' * - . 1 " C  " 7 3  * - . 1 " C ? " 7 3
c. < ( ) * " C ( ) * " 7 ' ( ) * 1 " C  " 7 3  ( ) * 1 " C ? " 7 3
d. < * - . " C * - . " 7 ' ? ( ) * 1 " C  " 7 3  ( ) * 1 " C ? " 7 3
e. * - . 1 "  < = 3 ' * - . " and ( ) * 1 "  < = 3 ' ( ) * " #
f. * - . " ' ; iff " ' D = 1 D ' ; : E B : # # # 3
g. ( ) * " ' ; iff " ' 8 7  D = 1 D ' ; : E B : # # # 3
h. These functionsarenot bounded.
i. A line segment from 1 ; : 2 3 to 1 < = : 2 3 maps to an ellipse with semimajor axis

equal to ( ) * F G under H I J function.

4. Hyperbolic Functions

De• ne K L H F M N O P Q O R PS
H I J F M N O P T O R PS



Mappings 7

a. U V W X Y Z [ \ ] Z U V W [ ^ _ ` a b c d e f g _ ` a e
b. _ ` a b h e i a j k b h e g l
c. a j k b c e m n o d f g a j k b c e f ^ _ ` a b c e m n o d f g _ ` a b c e f
d. a j k b e g p iff e g q o d c q g p r s l r t t t f
e. _ ` a b e g p iff e g u v h m q o w d c q g p r s l r t t t f

5. Logar ithmic Function

De• ne x y z { | x y z } ~ � � � ~ � � � �
then � � � � � � � �

a. Is multiple-valued. Hence cannot be considered as inverse of exponetial func-
tion.

b. Priniciplevalueof log function isgiven by� � � � � � � � � � � �
where

�
is theprincipal valueof argument of � .

c. � � � � � � � � � � � � � � � � � � � � �

Mappings

� �   � � � . Graphical representation of imagesof sets under   is called ¡ ¢ £ £ ¤ ¥ ¦ § Typi-

cally shown in following manner:

1. Draw regular sets (lines, circles, geometric regions etc) in a complex plane, which
wecall ¨ plane. Use ¨ © ª « ¬  © ® ¯ ° ± ²

2. Show its imageson another complex plane, which wecall ³ plane. Use ³ © ´ µ ¨ ¶ ©· « ¬ ¸ © ¹ º » ¼ .

Example2.3 ½ ¾ ¿ À .
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Mapping of Á Â
10.80.60.40.20-0.2-0.4-0.6

2

1.5

1

0.5

0

Mapping Á Â
1. A straight line Ã Ä Å maps to aparabola Æ Ç È É Ê Ë Ì Í Î Ï Ë Ì Ð
2. A straight line Ñ Ò Ë maps to aparabola Ó Ì Ò Ê Ë Ì Í Î Ï Ë Ì Ð
3. A half circle given by Ô Ò Õ Ö × Ø Ù where Ú Û Ü Û Ý maps to a full circle given byÞ Ò Õ ÌÖ × Ø Ì Ù ß Thisalso means that theupper half planemapson to theentirecomplex

plane.

4. A hyperbola à Ì Ï Ñ Ì Ò á maps to astraight line â ã á ä

Mappings by Elementary Functions.

1. Translation by å æ isgiven by ç ã å è å æ ä
2. Rotation through an angle é æ isgiven by ç ã ê ë ì å ä
3. Rel• ection through x axis isgiven by ç ã íî ï
4. Exponential Function



Mappings by Elementary Functions. 9

Exponential Function

A vertical linemaps to acircle.

A horizontal linemaps to a radial line.

A horizontal strip enclosed between ð ñ ò and ð ñ ó ô maps to the entire complex
plane.

5. SineFunction õ ö ÷ ø ñ õ ö ÷ ù ú û õ ü ð ý þ ú û õ ù õ ö ÷ ü ð

A vertical linemaps to abranch of ahyperbola.

A horizontal linemaps to an ellipseand hasaperiod of ó ô .



3 Analytic Functions

Limits

A function ÿ isde• ned in adeleted nbd of � � �
De• nition 3.1 The limit of the function ÿ � � � as � � � � is a number � � if, for any
given 	 
 � thereexistsa �  � such that� � � � � � � � � � � � � � � � � � � � �
Example3.1 � � � �  ! " # Show that $ % & ' ( ) * + , - . / 0 - 1 2
Example3.2 + , - . / - 3 2 Show that 4 5 6 7 8 7 * + , - . / - 31 2
Example3.3 + , - . / - 9 :- 2 Show that the limit of + doesnot exist as - ; < .

Theorem 3.1 Let + , - . / = , > ? @ . A B C , > ? @ . and D 1 / = 1 A B C 1 2 4 5 67 8 7 * + , - . / D 1 if

and only if 4 5 6E F G H I 8 E F * G H * I = / = 1 and 4 5 6E F G H I 8 E F * G H * I C / C 1 2
Example3.4 + , - . / J 5 K - . Show that the 4 5 6 7 8 7 * + , - . / J 5 K - 1
Example3.5 + , - . / L > A B @ 3 . Show that the 4 5 6 7 8 3 M + , - . / N B .
Theorem 3.2 If 4 5 67 8 7 * + , - . / D 1 and 4 5 67 8 7 * O , - . / P Q RS T UV W V X Y Z [ \ ] ^ _ [ \ ] ` a b c d e c fg h ij k j l m n o p q n o p a b c e c f

g h ij k j l m n o p r q n o p a b c
e c e c sa t u

This theorem immediately makes available the entire machinery and tools used for real

analysis to beapplied to complex analysis. Therulesfor • nding limits then can belisted

as follows:
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1. v w xy z y { | } | ~
2. v w xy z y { � � } � �� ~
3. v w xy z y { � � � � } � � � � � if � isapolynomial in � .

4. v w xy z y { � � � � � � } � � � � � � � ~
5. v w xy z y { � w � � � � } � w � � � ~

Continuity

De• nition 3.2 A function � , de• ned in somenbd of � � is continuousat � � if

v w xy z y { � � � � } � � � � � ~
Thisde• nition clearly assumesthat thefunction isde• ned at � � and thelimit on theLHS

exists. The function � is continuous in a region if it is continuous at all points in that

region.

If funtions � and � are continuous at � � then � � � , � � and � � � � � � � � � �� � � are also

continuousat � � .

If afunction � � � � � � � � � � � � � � � � � � � iscontinuousat � � then thecomponent functions� and � arealso continuousat � � � � � � � .

Derivative

De• nition 3.3 A function � , de• ned in somenbd of � � isdifferentiableat � � if� � ��   � ¡ � � � � ¢ � � � � �
� ¢ � �

exists. The limit is called thederivativeof � at � � and isdenoted by � £ ¤ ¥ ¦ § or ¨ ©ª « ¬  ® ¯ .
Example3.6 ° ¬  ¯ ±  ² ³ Show that ° ´ ¬  ¯ ± µ  ³
Example3.7 ° ¬  ¯ ± ¶  ¶ ² . Show that this function is differentiable only at  ± ·¸

. In
real analysis ¹ º ¹ isnot differentiablebut ¹ º ¹ » is.

If a function isdifferentiableat ¼ , then it is continuousat ¼ .
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Theconverse in not true. SeeExample3.7.

Even if component functionsof acomplex function haveall thepartial derivatives, does

not imply that thecomplex function will bedifferentiable. SeeExample3.7.

Some rules for obtaining the derivatives of functions are listed here. Let ½ and ¾ be

differentiableat ¿ À

1. ÁÁ Â
Ã ½ Ä ¾ Å Ã ¿ Å Æ ½ Ç Ã ¿ Å Ä ¾ Ã ¿ Å À

2. ÁÁ Â
Ã ½ ¾ Å Ã ¿ Å Æ ½ Ç Ã ¿ Å ¾ Ã ¿ Å È ½ Ã ¿ Å ¾ Ç Ã ¿ Å À

3. ÁÁ Â
Ã ½ É ¾ Å Ã ¿ Å Æ Ã ½ Ç Ã ¿ Å ¾ Ã ¿ Å Ê ½ Ã ¿ Å ¾ Ç Ã ¿ Å Å É Ë ¾ Ã ¿ Å Ì Í if ¾ Ã ¿ Å ÎÆ Ï À

4. ÁÁ Â
Ã ½ Ð Ñ Ò Ó Ô Ò Õ Ö × Ó Ñ Ó Ô Ò Ò Ñ × Ó Ô Ò Ø

5. ÙÙ Ú Û Õ Ü Ø
6. ÙÙ Ú Ô Ý Õ Þ Ô Ý ß à Ø

Cauchy-Riemann Equations

Theorem 3.3 If Ö × Ó Ô á Ò exists, then all the • rst order partial derivatives of component
function â Ó ã ä å Ò and æ Ó ã ä å Ò exist and satisfy Cauchy-Riemann Conditions:

â ç Õ æ è
â è Õ é æ ç Ø

Example3.8 Ö Ó Ô Ò Õ Ô ê Õ ã ê é å ê ë ì í ã å Ø Show that Cauchy-Riemann Condtions
aresatis• ed.

Example3.9 Ö Ó Ô Ò Õ î Ô î ê Õ ã ê ë å ê Ø Show that the Cauchy-Riemann Condtions are
satis• ed only at Ô Õ Ü .

Theorem 3.4 Let Ö Ó Ô Ò Õ â Ó ã ä å Ò ë ì æ Ó ã ä å Ò bede• ned in somenbd of thepoint Ô á Ø If
the• rst partial derivativesof â and æ exist and arecontinuousat Ô á and satisfy Cauchy-
Riemann equationsat Ô á , then Ö isdifferentiableat Ô á and

Ö × Ó Ô Ò Õ â ç ë ì æ ç Õ æ è é ì â è Ø
Example3.10 Ö Ó Ô Ò Õ ï ð ñ Ó Ô Ò Ø Show that Ö × Ó Ô Ò Õ ï ð ñ Ó Ô Ò Ø
Example3.11 Ö Ó Ô Ò Õ ò ó ô Ó Ô Ò Ø Show that Ö × Ó Ô Ò Õ õ ö ò Ó Ô Ò Ø
Example3.12 Ö Ó Ô Ò Õ ÷ø ùø ú Show that the CR conditions are satis• ed at û ü ý but the
function þ isnot differentiableat ý ú
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If we write ÿ � � � � � then we can write Cauchy-Riemann Conditions in polar coordi-

nates: � � � �� � �� � � 	 � � � 

Analytic Functions

De• nition 3.4 A function is analytic in an open set if it has a derivative at each point
in that set.

De• nition 3.5 A function isanalytic at a point ÿ � if it isanalytic in somenbd of ÿ � .

De• nition 3.6 A function isan entire function if it isanalytic at all pointsof � 

Example3.13  � ÿ � � � � ÿ isanalytic at all nonzero points.

Example3.14  � ÿ � � � ÿ � � isnot analytic anywhere.

A function is not analytic at a point ÿ � � but is analytic at some point in each nbd of

ÿ � then ÿ � is called thesingular point of the function  .

Harmonic Functions

De• nition 3.7 A real valued function � � � � � � is said to be � � � � � �  ! in a domain of
xy planeif it hascontinuouspartial derivativesof the• rst and second order and satis• es" # $ % & ' ( ( ) * + , - . /

: 0 1 1 2 3 4 5 6 7 0 8 2 3 4 5 6 9 : ;
Theorem 3.5 If a function < 2 = 6 9 > 2 3 4 5 6 7 ? @ 2 3 4 5 6

is analytic in a domain A then
the functions B and C areharmonic in A .

De• nition 3.8 If two given functions B D E F G H and C D E F G H are harmonic in domain D
and their • rst order partial derivativessatisfy Cauchy-Riemann ConditionsB I J C KB K J L C I M
then C is said to be N O P Q R S T U U R S V W X Y Z [ of \ ]
Example3.15 Let \ ^ _ ` a b c _ d e a d and f ^ _ ` a b c g _ a ] Show that f is hc of \ and
not viceversa.

Example3.16 \ ^ _ ` a b c a h e i _ a . Find harmonic conjugateof \ ]



4 Integrals

Contours

Example4.1 Represent a linesegment joining points j k l m n and o p q r r n by parametric
equations.

Example4.2 Show that a half circle in upper half plane with radius s and centered
at origin can beparametrized in variousways asgiven below:

1. t u v w x s y z { v | } u v w x s { ~ � v | where v � � � � �
2. � � � � � � � � � � � � � � � � � � � where � � � � � � �
3. � � � � � � � � � � � � � � � � � � � � � � � � � � where � � � � � �
De• nition 4.1 A set of points � � � � � � � in complex plane iscalled an � � � if� � � � � � � � � � � � � � � � � � � � �
where � � � � and � � � � arecontinuous functions of the real parameter � �
Example4.3 � � � � � � � � � � � � � � � � � � � � � � , where � � � � � �� . Show that the
curvecuts itself and isclosed.

An arc iscalled simple if � �  � � � ¡ � � � � �  � � � � � � �
An arc isclosed if � � � � � � � � � .
An arc isdifferentiable if � ¢ � � � � � ¢ � � � £ ¤ � ¢ � � � existsand � ¢ � � � and � ¢ � � � arecontinu-

ous. A smooth arc isdifferentiableand � ¢ � � � isnonzero for all � .
De• nition 4.2 Length of a smooth arc isde• ned as¥ ¦ § ¨ © ª «¬  ®¯ ° ± ² ³ ´ µ ² ¶
The length is invariant under parametrization change.



16 Chapter 4 Integrals

De• nition 4.3 A · ¸ ¹ º ¸ » ¼ is a constructed by joining • nite smooth curves end to end
such that ½ ¾ ¿ À is continuousand ½ Á ¾ ¿ À ispiecewisecontinuous.

A closed simplecontour has only • rst and last point sameand doesnot cross itself.

Contour Integral

If Â is a contour in complex plane de• ned by ½ ¾ ¿ À Ã Ä ¾ ¿ À Å Æ Ç ¾ ¿ À and a functionÈ ¾ ½ À Ã É ¾ Ä Ê Ç À Å Æ Ë ¾ Ä Ê Ç À isde• ned on it. The integral of
È ¾ ½ À along thecontour Â is

denoted and de• ned as follows:Ì Í Î Ï Ð Ñ Ò Ð Ó Ô ÕÖ Î Ï Ð Ñ Ð × Ï Ø Ñ Ò Ø
Ó Ô ÕÖ Ï Ù Ú × Û Ü Ý × Ñ Ò Ø Þ ß Ô ÕÖ Ï Ù Ý × Þ Ü Ú × Ñ Ò Ø
Ó Ô Ï Ù Ò Ú Û Ü Ò Ý Ñ Þ ß Ô Ï Ù Ò Ý Þ Ü Ò Ú Ñ

The component integrals are usual real integrals and are well de• ned. In the last form

appropriate limitsmust placed in the integrals.

Somevery straightforward rulesof integration aregiven below:

1. à á â ã ä å æ ç å è â à á ã ä å æ ç å where â isacomplex constant.

2. à á ä ã ä å æ é ê ä å æ æ ç å è à á ã ä å æ ç å é à á ê ä å æ ç å ë
3. à á ì í á î ã ä å æ ç å è à á ì ã ä å æ ç å é à á î ã ä å æ ç å ë
4. ïï ð ñ ò ó ô õ ö ô ïï ÷ ð ñ ø ò ó ô ó ù õ õ ô ú ó ù õ ø ö ù û
5. If ø ò ó ô õ ø ÷ ü for all ý þ ÿ then �� � � � � � � � � �� � 	 
 , where 
 is length of the

countour ÿ �
Example4.4

� � � � � �  � Find integral of
�

from
� � � � �

to
� � � � �

along a straight line
and also along st linepath from

� � � � �
to

� � � � �
and from

� � � � �
to

� � � � �
.

Example4.5
� � � � � � � �

. Find the integral from
� � � � �

to
� � � � � �

along a semicircu-
lar path in upper planegiven by � � � � � �
Example4.6 Show that �� � � � � � � � � �� � � � for

� � � � � � � � �  � � �
and ÿ � � � � ��

from
�

to
� � �
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Cauchy-Goursat Theorem

Theorem 4.1 (Jordan CurveTheorem) Every simpleand closed contour in complex
plane splits the entire plane into two domains one of which is bounded. The bounded
domain is called the interior of the countour and the other one is called the exterior of
thecontour.

De• neasensedirection for acontour.

Theorem 4.2 Let � be a simple closed contour with positive orientation and let � be
the interior of � � If � and � are continuous and have continuous partial derivatives ! "  # " � !

and � #
at all pointson $ and % , then& ' (  ( ) " * + , ) - � ( ) " * + , * + . & & / � ! ( ) " * + 0  # ( ) " * + 1 , ) , *

Theorem 4.3 (Cauchy-Goursat Theorem) Let 2 be analytic in a simply connected
domain % 3 If $ isany simpleclosed contour in % , then& ' 2 ( 4 + , 4 . 5 3
Example4.7 2 ( 4 + . 4 6 " 7 8 9 ( 4 + " : ; < ( 4 +

etc areentire functionsso integral about any
loop iszero.

Theorem 4.4 Let $ = and $ 6
be two simple closed positively oriented contours such

that $ 6
liesentirely in the interior of $ = 3 If 2 is an analytic function in a domain % that

contains $ = and $ 6
both and the region between them, then& ' > 2 ( 4 + , 4 . & ' ? 2 ( 4 + , 4 3

Example4.8 2 ( 4 + . @ A 4
. Find B ' 2 ( 4 + , 4

if $ is any contour containing origin.
Choosea circular contour inside $ 3
Example4.9 B ' =C D C E , 4 . F G H

if $ contains
4 I 3

Example4.10 Find B ' 6 C J CC
? K 6

where $ L M 4 M . F 3 Extend the Cauchy Goursat theorem
to multiply connected domains.

Antiderivative

Theorem 4.5 (Fundamental Theorem of Integration) Let 2 be de• ned in a simply
connected domain % and is analytic in % . If

4 I
and

4
are points in % and $ is any

contour in % joining
4 I

and
4 "

then the functionN ( 4 + . & ' 2 ( 4 + , 4
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isanalytic in O and P Q R S T U V R S T W
De• nition 4.4 If V is analytic in O and S X and S Y are two points in O then thede• nite
integral isde• ned as Z [\Z ] V R S T ^ S U P R S Y T _ P R S X T
where P isan antiderivativeof V .

Example4.11
Y ` ab c S Y ^ S U S d e f gg Y ` ac U Yd h i X Xd W

Example4.12
ab X j k l S U l m n S o a X U l m n i _ l m n p W

Example4.13

Z [bZ ] q ZZ U r k s S Y _ r k s S X W
Cauchy Integral Formula

Theorem 4.6 (Cauchy Integral Formula) Let V beanalytic in domain O . Let t bea
positively oriented simpleclosed contour in O . If S c

is in the interior of t thenV R S c T U pu v i
\ w V R S T ^ SS _ S c W

Example4.14 V R S T U XZ [ ` x W Find
b w V R S T ^ S if t y o S _ i o U u W

Example4.15 V R S T U ZY Z ` X W Find
b w V R S T ^ S if t issquarewithverticeson R z u { z u T W

Theorem 4.7 If V is analytic at a point, then all its derivatives exist and are analytic
at that point. V | } ~ R S c T U � �u v i

\ w V R S T ^ SR S _ S c T } ` X



5 Series

Convergence of Sequences and Series

Example5.1 � � � � � �
Example5.2 � � � � �
Example5.3 � � � � � � � � � � � � � � �
De• nition 5.1 An in• nite sequece � � � � � � � � � � � � � � � � of complex numbers has a � � � � �� if for each positive � , thereexistspositive integer � such that� � � � � � � � � �   ¡   ¢ £ ¤ ¥ ¦ § ¨
The sequences have only one limit. A sequence said to converge to © if © is its limit. A

sequencediverges if it does not converge.

Example5.4 © ª « © ª converges to 0 if ¬ © ¬  ® elsediverges.

Example5.5 © ª « ® ¯ ° ¥ ± ² ³ ¥ ± ® ´ ¯ ¥
converges to

²
.

Theorem 5.1 Suppose that © ª « µ ª ± ² ¶ ª and © « µ ± ² ¶ ¨
Then,· ¸ ¹ª º » ¼ ½ ¾ ¼

if and only if ¿ À Á½ Â » Ã ½ ¾ Ã Ä Å Æ Ç È ÉÊ Ë Ì Í Ê Î Í
De• nition 5.2 If Ï Ð Ê Ñ isa sequence, the in• nitesum Ð Ò Ó Ð Ô Ó Õ Õ Õ Ó Ð Ê Ó Õ Õ Õ iscalled

a seriesand isdenoted by
ÌÖ× Ø Ù Ú Û .

De• nition 5.3 A series ÜÝÛ Ø Ù Ú Û is said to converge to a sum Þ if a sequence of partial

sums Þ ß à á â ã á ä ã å å å ã á æ
converges to ç .
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Theorem 5.2 Suppose that è é ê ë é ì í î é and ï ê ð ñ ò ó ô Then,õö÷ ø ù ú ÷ û ü
if and only if ýö÷ ø ù þ ÷ û ÿ � � � ýö÷ ø ù � ÷ û �
Example5.6 � ý� ú ÷ û � � 	 � 
 ú �

if � ú �  �
Taylor Series

Theorem 5.3 (Taylor Ser ies) If � isanalytic inacircular discof radius � � andcentered
at ú � � then at each point inside thedisc there isa series representation for � given by� 	 ú � û ýö÷ ø � � ÷ 	 ú 
 ú � � ÷
where � ÷ û � � ÷ � 	 ú � �� �
Example5.7 � � � ú û � ý� ú � ÷ � ù � 	 � � � � � � �
Example5.8

ùù � � û � ý� 	 
 � � ÷ ú ÷ � ú �  � �
Example5.9 � � û � ý� ú ÷ � � � �
Example5.10

ù� û � ý� 	 
 � � ÷ 	 ú 
 � � ÷ � ú 
 � �  � �
Laurent Series

Theorem 5.4 (Laurent Ser ies) If � is analytic at all points ú in an annular region �
such that � ù  � ú 
 ú � �  � � � then at each point in � there is a series representation
for � given by � 	 ú � û ýö÷ ø � � ÷ 	 ú 
 ú � � ÷ � ýö÷ ø ù

 ÷	 ú 
 ú � � ÷
where � ÷ û �� ! " # $ � 	 ú � % ú	 ú 
 ú � � ÷ � ù ÷ û �� ! " # $ � 	 ú � % ú	 ú 
 ú � � & ÷ � ù
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and ' isany contour in ( .

Example5.11 If ) is analytic inside a disc of radius * about + , - then the Laurent
series for ) is identical to theTaylor series for ) . That isall . / 0 1 .

Example5.12 22 3 4 0 5 6/ 7 2 8 9 2 : ; < => ? where @ A @ B C D
Example5.13 E F A G H I JK > I J L K > I M L D Find Laurent series for all @ A @ N C O C N @ A @ N P
and @ A @ B P D
Example5.14 Note that Q J H JM R S T U E F A G V A D



6 Theory of Residues And Its
Applications

Singularities

De• nition 6.1 If a function W fails to be analytic at X Y but is analytic at some point in
each neighbourhood of X Y , then X Y isa Z [ \ ] ^ _ ` a b c [ \ d of e .

De• nition 6.2 If a function e fails to be analyitc at f g but is analytic at each f inh i j f k f g j i l
for some

l m
then e is said to bean [ Z c _ ` d n o p q r s t u v w x y q r z of { .

Example6.1 { | } ~ � � � } hasan isolated singularity at � .

Example6.2 { | } ~ � � � � � � | � } ~ has isolated singularitiesat } � � � � � � � � � .
Example6.3 { | } ~ � � � � � � | � � } ~ has isolated singularities at } � � � � for integral� , also has a singularity at } � � .

Example6.4 { | } ~ � � � � } all pointsof negativex-axisaresingular.

Types of singularities

If a function { has an isolated singularity at } � then � a � such that � is analytic at all

points in � � � � � � � � � � . Then � must haveaLaurent series expansion about � � . The

part � �� � � � � � � � � � �   �
is called theprincipal part of � ¡

1. If thereare in• nitenonzero � ¢ in theprinipal part then � � iscalled an essential singu-
larity of � ¡

2. If for some integer £ ¤ ¥ ¦ §¨ © but ª « ¨ © for all ¬  ® then ¯ ° is called a pole of
order ® of ± ² If ® ¨ ³ then it is called asimplepole.

3. If all ª sarezero then ¯ ° is called a removablesingularity.
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Example6.5 ´ µ ¶ · ¸ µ ¹ º » ¶ · ¼ ¶ is unde• ned at ¶ ¸ ½ ¾ ´ has a removable isolated
singularity at ¶ ¸ ½ ¾

Residues

Suppose a function ´ has an isolated singularity at ¶ ¿ À then there exists a Á Â ½ such

that ´ is analytic for all ¶ in deleted nbd ½ Ã Ä ¶ Å ¶ ¿ Ä Ã Á . Then ´ has a Laurent series

representation ´ µ ¶ · ¸ ÆÇÈ É ¿ Ê È µ ¶ Å ¶ ¿ · È Ë ÆÇÈ É Ì Í Èµ ¶ Å ¶ ¿ · È ¾
Thecoef• cient

Í Ì ¸ ÎÏ Ð Ñ Ò Ó ´ µ ¶ · Ô ¶
where Õ isany contour in thedeleted nbd, iscalled the residueof ´ at ¶ ¿ ¾
Example6.6 ´ µ ¶ · ¸ ÌÖ × Ö Ø . Then Ù Ó ´ µ ¶ · Ô ¶ ¸ Ï Ð Ñ Í Ì ¸ Ï Ð Ñ

if Õ contains ¶ ¿ , other-
wise ½ .

Example6.7 ´ µ ¶ · ¸ ÌÖ Ú Ö × Ö Ø Û Ü Ý Show Þ ß à á â ã ä â å æ ç èé if ê ë ì í î ï ì ð ñ ò
Example6.8 ó ô í õ ð í ö ÷ ø ù úû ü . Show ý þ ó ô í õ ÿ í ð � �

if ê ë ì í ì ð ñ ò
Example6.9 ó ô í õ ð ö ÷ ø ù úû � ü . Show ý þ ó ô í õ ÿ í ð � if ê ë ì í ì ð ñ even though it
has a singularity at í ð � ò
Theorem 6.1 If a function ó is analytic on and inside a positively oriented countourê , except for a • nitenumber of points í ú � í � � ò ò ò � í � inside � , then	 
 � �  � �  � � � � �� � � �

Res
� �  � � �

Example6.10 Show that � � � � �� � � � �  ! " # $ % & '
Residues of Poles

Theorem 6.2 If a function ( hasa poleof order ) at " * then

Res( + " * , # - . /� 0 � 1 2 34 5 6 3 7 8
9 : ; <9 = : ; < 4 4 = 6 = > 7 : ? 4 = 7 7 @ A

Example6.11 B C D E F GH I H J A
SimplepoleRes B C D K E F L A
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Example6.12 M N O P Q RS T S U S V W X . Simple pole at O Q Y Z Res M N Y P Q [ \ [ ] . Pole of

order ^ at O Q _ . Res M N _ P Q ` [ \ [ ] .

Example6.13 M N O P Q a b c dd e f d g h i j . Res k l m n o p q r s t . Res k l s n o p u v p s w x r y s t z
Quotients of Analytic Functions

Theorem 6.3 If a function k l { n o | } ~ �� � � � , where � and � areanalytic at � � � then

1. � is singular at � � iff � � � � � � � �
2. � hasasimplepoleat � � if � � � � � � �� � . Then residueof � at � � is � � � � � � � � � � � � .
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