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N.B. Answer without proper justification will attract zero mark.

1. (a) Let F (x, y) = f(x)f(y), where f ∈ L1(R) and g ∈ L∞(R). Does it imply that F is
finite a.e. m×m? 1

(b) f(x) = min
{

1, 1
x2

}
. Whether f ∈ L1(R)? 1

(c) Suppose f1, f1 : R→ [0,∞) are such that suppf1 ∩ suppf2 = ∅. Does it imply that
max{f1, f2} = f1 + f2? 1

(d) Whether {(x, y) ∈ R2 : y = sin 1
x
} is belonging to B(R)× B(R)? 1

2. For E,F ∈M(R), define h(y) =
∫
R
χE(x)χF (x−y)dx. Show that h is a Borel measurable

function on R. 3

3. Let T : L1(R) → L1(R) be defined by T (f)(x) =
∫
R

f(x+y)
1+y2

dy. Show that T is bounded

and ‖T‖ = π. 3

4. Suppose f → f in Lp(R) for 1 ≤ p <∞. Let gn ∈ L∞(R) and ‖gn‖ ≤ 1. If gn converges
to g uniformly a.e., then fngn → fg in Lp(R). 3

5. Let |fn| ≤ g ∈ L1(R). Let fnk
be subsequence of fn such that fnk

→ f point wise a.e.
on R. If lim

k→∞
‖fnk

− f‖ = lim
n
‖fn − f‖1 <∞. Show that fn → f in L1(R). 4

6. Let fn = 1 + nχ( 1
n+1

, 1
n) and f = 1 a.e. on (0, 1). Show that

∫
(0,1)

fn →
∫

0,1)

f. Further,

show that there does not exist g ∈ L1([0, 1]) such that fn ≤ g for every n ∈ N. 4

7. Let fn : (0, 1)→ R be defined by fn(x) =
√
n| sin 1

nx
|. Evaluate lim

n→∞

∫
(0,1)

fn(x)dx. 4

8. Let X = Y = [0, 1]. Construct a sequence of functions fn such that suppfn ⊆
(

1
n+1

, 1
n

)
and

∫
(0,1)

fn(x)ds = 1. Let f(x, y) =
∫ 1

0

∑∞
n=1[fn(x)− fn+1(x)]fn(y)dx. Show that∫ 1

0

∫ 1

0

f(x, y)dxdy 6=
∫ 1

0

∫ 1

0

f(x, y)dydx.

Does f ∈ L1([0, 1]× [0, 1],M ⊗M,m×m)? 6

9. Let f(x) = 1√
|x|(1+log2 |x|

, if x 6= 0. Show that f ∈ L2(R). Whether f ∈ L1(R)? 4
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