
May 24, 2017.

Research Progress

Introduction
The problem of determining a function from the knowledge of its averages over

lower dimensional entities has been extensively studied in the past and has led to very
fruitful theories and interesting results. For instance, in 1917, J. Radon proved that a
differentiable function on R3 can be determined explicitly from its integrals over the
planes in R3 [14, 22]. More explicitly, let f be a differentiable function on R3 and let
J(ω, p) denote the integral of f over the hyperplane 〈ω, x〉 = p, where ω ∈ S2. Then

f(x) = − 1

8π2
Lx

(∫
S2

J(ω, 〈ω, x〉)dω
)
,

where L is the Laplacian on R3 and dω the area element on the sphere S2.
The above formula contains two integrations dual to each other: the first one

integrates over the set of points in a hyperplane, while the second one integrates over
the set of hyperplanes passing through a given point. This suggests considering the
“Radon transform” and it’s dual transform. We briefly describe the Radon transform.
For n ≥ 2, the Radon transform, R, maps functions on Rn to functions on hyperplanes
in Rn. For a compactly supported continuous function f on Rn, the Radon transform
Rf , evaluated at a hyperplane is the integral of f over that hyperplane in its natural
measure.

This transform for the case, n = 2 has many applications in science, engineering,
and medicine. The transforms on Rn, for a general n, has many applications to partial
differential equations. This has led to a widened interest and a rich literature on
Radon transforms [14]. The generalizations of this Radon transform to integration
over certain spheres and ellipsoids have been studied by F. John [16] and others
[4, 14, 34] again in connection with partial differential equations. Moreover, these
examples are all special cases of the generalized Radon transform [8].

Given smooth manifolds X, Y, and a class of submanifolds of X, {Hy : y ∈ Y },
with specified smooth measures µy on each Hy, the generalized Radon transform R
from the compactly supported smooth functions on X to functions on Y takes an f
to the integrals of F over the manifold Hy in the measure µy.

In the Ph.D. thesis, we have investigated some problems on the Radon transform
over spheres. For a continuous function f on Rn, n ≥ 2, the Radon transform Rf of
f over spheres is defined by

Rf(x, s) =

∫
Ss(x)

f(y)dy, x ∈ Rn, s > 0,

where dy is the normalized surface measure on the sphere Ss(x) of radius s centered at
x in Rn. Henceforth, we will refer to Rf(x, s) as the spherical mean of the function f
on the sphere Ss(x). The study of spherical means again has applications to areas such
as image processing, geophysics, tomography and they come up naturally in many
applications to the partial differential equations, e.g., they occur in the solutions
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to the wave equation. Several authors, such as Radon [22], John [16], Helgason [14],
Galfand [12], Zalcman [33], Sitaram [23], Agranovsky, Quinto [5], Thangavelu [19, 31],
Volchkov [32], Globevnik [11],have investigated problems related to spherical means
in various different set ups.

In many cases, restrictions on the support of Radon transform of a function imply
restrictions on the support of the function and this fact is useful in applications
to partial differential equations. In an interesting result, Helgason proved that if a
rapidly decaying continuous function on Rn, n ≥ 2, has zero spherical means on all
spheres containing a fixed ball, then the function is supported in that ball i.e., if f
is a continuous function on Rn such that |x|kf(x) is bounded for each non-negative
integer k, then f is supported in ball Br(o) if and only if Rf(x, s) = 0, ∀x ∈ Rn and
∀s > |x|+ r. This is known as Helgason’s support theorem for spherical means.

More generally, we can consider the problem of determining the injectivity or the
Kernel of the transform f 7→ Rf from a subspace of C(Rn) to C(Σ), where Σ is a
given manifold of spheres in Rn. In an article [8], Cormack and Quinto proved that
every C∞ function f is determined by the spherical means over the manifold Σo of
the spheres passing through the origin. In fact, they prove an inversion formula which
states that if f ∈ C∞(Rn), then f(x) is determined by the spherical means of f over
those spheres in Σo which are contained in the disc of radius |x| centered at the origin.
In another related work, Quinto [21] gave a characterization of continuous functions
with zero integrals over the spheres passing through the origin. The characterization
is given in terms of the spherical harmonic coefficients.

The work of Globevnik [11], for n = 2, and Epstein and Kleiner [9], for a general
n, investigates a similar problem for the spherical means in annular regions in Rn.
In [9], the authors have considered the problem of determining continuous functions
supported in the annulus {x :∈ Rn : r < |x| < R} and with zero spherical means
for the spheres contained in the ball of radius R and which enclose the ball of radius
r centered at the origin. They have characterized such functions in terms of their
spherical harmonic coefficients.

For a continuous function f on Rn, n ≥ 2, we have the spherical harmonic expan-
sion, which is an analogue of the Fourier series in higher dimensions,

f(x) =
∞∑
k=0

dk∑
j=1

akj(ρ)Ykj(ω),

where ρ = |x|, ω ∈ Sn−1 and {Ykj(ω) : j = 1, 2, . . . , dk} is an orthonormal basis
for the space Vk of homogeneous harmonic polynomials of degree k in n variables
restricted to the unit sphere Sn−1. For k = 0, dk = 1, we write a0 for a01.

Let Zr,R(Rn) be the class of all continuous functions f on the open annulus {x ∈
Rn : r < |x| < R}, 0 ≤ r < R ≤ ∞, satisfying Rf(x, s) = 0 whenever the sphere
Ss(x) is contained in the annulus and the closed ball Br(o) is contained in the closed
ball Bs(x). The main result of Epstein and Kleiner [9] is the following:

A function f is in Zr,R(Rn) if and only if a0 is the zero function and akj is in the
span of the functions {ρk−d−2i : i = 0, 1, . . . k− 1}, for every j, 1 ≤ j ≤ dk and k ≥ 1.

This result can be seen as an extension of Helgason’s theorem for spherical means
on Rn. In this thesis, we have investigated similar problems in terms of spherical
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means in the Heisenberg group and the real hyperbolic spaces.

Problems Investigated in the Thesis
1. We consider the spherical means on the Heisenberg group Hn = Cn × R.

As in many problems related to the convolution operator on Hn, by taking Fourier
transform in the R variable, we relate it to the study of twisted spherical means
on Cn which are defined as follows: For s > 0, let µs denote for the normalized
surface measure on the sphere {w ∈ Cn : |w| = s}. The twisted spherical means of a
continuous function f in Cn are defined by

f × µs(z) =

∫
|w|=s

f(z − w)e
i
2

Im(z.w̄)dµs(w), z ∈ Cn.

Let Ann(r, R) = {z ∈ Cn : r < |z| < R}, 0 ≤ r < R ≤ ∞. Let Zr,R(Cn) be the class of
all continuous functions on Ann(r, R) with the twisted spherical means f×µs(z) = 0,
for all z ∈ Cn and s > 0 satisfying the condition that the sphere Ss(z) ⊂ Ann(r, R)
and the ball Bs(z) contains the ball Br(o). Our main result gives a necessary and
sufficient conditions for a continuous function f to be in Zr,R(Cn). These conditions
are in terms of spherical harmonic coefficients of the function. As a corollary, we
get an analogue of Helgason support theorem [14] for the twisted spherical means on
Cn. However, an exact analogue of the results of Epstein and Kleiner for this set up
is an open problem. Since the group Hn is non-commutative, the twisted spherical
means f × µs and µs × f are not equal, in general. We characterize the spherical
harmonic coefficients of continuous functions when two-sided twisted spherical means
on annular regions in Cn are considered and deduce a support theorem for two-sided
twisted spherical means. In the case when n = 1, this gives a surprisingly strong result
because the function does not require any growth condition. The latter result does
not have a Euclidean analogue. We have further extended some of these results to the
Heisenberg group [24]. These results appear in Ann. Inst. Fourier (Grenoble),
59 (2009), no. 6, 2509–2523. This work is also available at arXiv:0903.3854v1

2. We extend the result of Epstein and Kleiner [9] to the real hyperbolic spaces.
We also deduce the Helgason support theorem [13] for the spherical means on the real
hyperbolic spaces [25]. These results appear in Proc. Indian. Acad. Sci., 121
(2011), no.3, 311–325. This work is also available at arXiv:0908.2289v1

3. We prove that the spheres centered at origin are sets of injectivity for the
weighted twisted spherical means (WTSM) for a suitable class of functions on Cn.
The weights here are spherical harmonics on S2n−1. In general, the question of sets
of injectivity for the twisted spherical means (TSM) with real analytic weight is still
open. We would like to refer [18], for some results on the sets of injectivity for the
spherical means with real analytic weights in the Euclidean setup. We also prove
a support theorem for these weighted twisted spherical means. In the end, we also
revisit the weighted Euclidean spherical means [26]. These results are appeared in J.
Fourier Anal. Appl., 18(2012), no. 3, 592–608. DOI arXiv:1012.5167v1

Problems under proposal
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1. In the thesis, we have given a characterization of functions which are supported
in annular regions in various spaces and have zero spherical means for certain families
of spheres. It would be interesting to characterize some other suitable classes of
functions with zero spherical means for other families of spheres, as in the work of
[8, 21].

Another worthwhile investigation would be determining the injectivity of the
spherical mean transform on a suitable subspace of C(Rn) to C(Σ), where Σ is a
given manifold of spheres. For instance, in [2], the authors have shown that if the
spherical means of a continuous function f on Rn vanish over spheres intersecting a
subset A of Rn, which lie in no affine plane of dimension n− 2, then f ≡ 0.

2. In the article [18], it has been proved that the boundary ∂Ω of any bounded
domain Ω ⊂ Rn is a set of injectivity for the weighted spherical means with a single
weight. Therefore, it is natural to ask a similar question for the weighted twisted
spherical means. This amounts to generalizing our result for spheres to an arbitrary
boundary of a bounded domain in Cn and would improve the result in [3].

3a. In the article [5], it has been shown that a subset Γ of R2 is a set of injectivity
for the spherical means for Cc(R2) if and only if Γ is not contained in any set of the

form ω(ΣN) ∪ F where ω is a rigid motion of R2, ΣN = ∪N−1
k=0 {te

iπk
N : t ∈ R} and F

is a finite set. We would like to investigate a similar question of characterizing sets
of injectivity for the spherical means for compactly supported functions on the real
hyperbolic plane B2.

3b. We have just started to locate the sets of non-injectivity for the spherical
means on real hyperbolic spaces Bn (n ≥ 2). To characterize all sets of non-injectivity
for the spherical means on Bn, is an open problem. For nonzero function f ∈ Cc(Bn),
define S(f) = {x ∈ Bn : Msf(x) = 0, ∀s > 0} . Then S(f) = ∩∞k=0Q

−1
k (0), where

Qk(x) =

∫ ∞
s=0

(sinh s)2k+n−1Msf(x)ds.

Using the fact that spherical mean satisfies the Darboux equation, we derive a recur-
sion relation LkQk = (2k + n − 2)Qk−1, where Lk = Lx − 2k(2k + n − 1)Id. Since
all of Qk can not be identically zero, therefore, it follows that there exist the least
positive integer ko such that Qko 6≡ 0. Hence LkoQko = 2ko(2ko + n − 1)Qko−1 = 0.
Thus, we infer that LxQko = 2k(2k + n− 1)Qko and S(f) ⊆ Q−1

ko
(0). As the Laplace-

Beltrami operator L is an elliptic operator, therefore, its eigenfunction Qko is a real
analytic function (see [17]). Since the zero set of a real analytic function is a very
thin set, it follows that the sets of non-injectivity for the spherical means on Bn lie
on some real analytic surface. However, it remains difficult to locate exactly the sets
of non-injectivity for the spherical means. We are further analyzing the function Qko

to reach on a conclusion. In general, a conjecture by Zalcman et al. [6], “sets of
non-injectivity for the Euclidean spherical means are contained in the zero set of a
certain eigenfunction of the Laplacian,” is still unsolved for the spherical means for
L1
loc(B

n).

3c. We are working to locate the sets of non-injectivity for the spherical means
on the Euclidean space Rn (n ≥ 2). To characterize all sets of non-injectivity for the
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spherical means on Rn, is an open problem. For nonzero function f ∈ L2(Rn)∩C(Rn),
define S(f) = {x ∈ Rn : Rf(x, s) = 0, ∀s > 0} . Then S(f) can have a description
like S(f) = ∩∞k=0Q

−1
k (0), where

Qk(x) =

∫ ∞
s=0

Rf(x, s) s2k+n−1e−
s2

2 ds.

4. As mentioned in [1, 5, 18], the problem of whether a set Γ ⊂ Rn (n ≥ 2), is a set
of injectivity for Euclidean spherical means on Lp(Rn) is related to the dual problem
of whether span

{
f(x− a) : a ∈ Γ, f ∈ C]

c(Rn)
}

is dense in Lq(Rn), 1
p

+ 1
q

= 1. We
would like to explore if such density results can follow from our results on weighted
twisted spherical means [26].

5. In an interesting result, Courant and Hilbert ([7], p. 699) had proved that if
average of an even function about a line L vanishes over all circles centered at L, then
f ≡ 0. As a consequence of this result, any line L in R2 is not a set of injectivity for
the spherical means for the odd functions about L.

However, this result does not continue to hold for injectivity of the twisted spheri-
cal means (TSM) on complex plane C (which arise naturally in the study of spherical
means on Heisenberg group) The question, in general that any real analytic curve
can be a set of injectivity for the twisted spherical mean for L2(C), is still an open
problem. However, we are able to prove the following partial results for the TSM.

We prove that any line L passing through the origin is a set of injectivity for the
TSM for functions f ∈ L2(C), whose each of spectral projection e

1
4
|z|2f × ϕk is a

polynomial. With the same exponential condition, we observe that any curve γ(t) =
(γ1(t), γ2(t)), which passes through the origin, where γj, j = 1, 2 are polynomials
is also a set of injectivity for the TSM. It is an interesting question, whether a real
analytic curve is a set of injectivity for the TSM for a smooth class of functions.

Then, we prove that any Coxeter system of even number of lines is a set of in-
jectivity for the TSM for Lq(C), 1 ≤ q ≤ 2. However, a problem that any Coxeter
system of an odd number of lines can be a set of injectivity for the TSM for Lq(C) is
still open. This work [27] is appeared in J. Funct. Anal. 267 (2014) 352–383.
This work is also available at: arXiv:0903.3854v1

6. Using the result that any pair of perpendicular lines in C is a set of injectivity
for the TSM, we prove that any pair of perpendicular planes in Cn (n ≥ 2) is a set of
injectivity for the TSM for function in Lq(Cn), 1 ≤ q ≤ 2. Suppose f×µr(z) = 0, ∀r >
0 and ∀ z ∈ Cn−1 × R ∪ Cn−1 × iR. Then f = 0 a.e. on Cn. We further observe that
a set S2n−1×C ⊂ Cn+1 is a set of injectivity for the TSM for the functions satisfying
e

1
4
|z′|2f(z′, zn+1) ∈ Lq(Cn+1), 1 ≤ q ≤ ∞. This work [27] is appeared in J. Funct.

Anal. 267 (2014) 352–383. This work is also available at: arXiv:0903.3854v1

These results are quite explicit and adverse to the known result for the spher-
ical means on R2, due to Agranovsky and Quinto [5]. Our result reveals that the
Agranovsky-Quinto conjecture, “the sets of non-injectivity for the spherical means on
Rn (n ≥ 2) are contained in a certain algebraic variety” does not continue to hold for
the spherical means on the Heisenberg group Hn = Cn × R.
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7. We are thinking that a real analytic curve γ having non-constant curvature can
be a set of injectivity for the TSM for Lq(C), 1 ≤ q ≤ 2. We know that Qk = f × ϕ0

k

is a real analytic function on C. Using the Hecke-Bochner identity for the spectral
projections, we have derived a real analytic expansion for Qk as

Qk(z) =
k∑
p=0

Cp0
k−pz

pϕpk−p(z) +
∞∑
q=0

C0q
k z̄

qϕqk(z).

Suppose Qk(z) = 0, ∀k ≥ 0, and ∀ z ∈ γ. Since, γ(t) = r(t)eit is of non-constant
curvature, radius r(t) will vary in an interval. The fact that Qk is a real analytic
function, Qk(γ(t)) must be a real analytic function, which vanishes over an interval.
Hence Qk(γ(t)) will have to vanish everywhere on a line. This would mean that
Qk(γ(t)) = 0 vanishes for every radius. Thus it would vanish everywhere, which in
turn implies f = 0. For example, γ(t) = {(et cos t, et sin t) : t ∈ (−∞, 0]} , having non-
constant curvature, is a set of injectivity for the TSM for Lq(C) with 1 ≤ q ≤ ∞. For
a more general example, let γ(t) = r(t)eit, where r(t) be a non-periodic real analytic
function on [0,∞) with limt→∞ r(t) = 0. Then γ(t) is a set of injectivity for the TSM
for Lq(C) with 1 ≤ q ≤ ∞. Moreover, γ(t) is a determining curve for any real analytic
function on C.

In the article by Agranovsky et al. [3], it has been shown that the boundary
of any bounded domain in Cn is a set of injectivity for the TSM for functions f
satisfying f(z)e( 1

4
+ε)|z|2 ∈ Lp(Cn), for some ε > 0 and 1 ≤ p ≤ ∞. However to

prove this result for ε = 0 is an open problem. As an example of non-constant
curvature case with ε = 0, we prove that the boundary of any bounded domain is
a set of injectivity for certain weighted TSM, for the radial functions f satisfying
e

1
4
|z|2f(z) ∈ Lp(Cn), 1 ≤ p ≤ ∞. The weights here are spherical harmonics on

S2n−1. We use this to prove that sphere SR(o) is a set injectivity for the twisted
spherical means with real analytic weight, for the radial functions on Cn. This work
[28] appears in Israel J. Math. 200 (2014), 1–22. This work is also available at:
arXiv:1204.3076.

In this article, we derive a real analytic expansion for the spectral projections
and use this to deduce that a complex cone K is a set of injectivity for the TSM for
Lp(Cn), 1 ≤ p ≤ 2 if and only if K is not contained in the zero set of any bi-graded
homogeneous harmonic polynomial on Cn.

At present, we are working for the set S = R×R∪R× iR can be set of injectivity
for the TSM for Lq(C2), 1 ≤ q ≤ 2. We start with a small class of functions f(z1, z2) =
zp1ϕ

0
α1

(z1)h(z2). Suppose f × µr(z1, z2) = 0, ∀r > 0 and ∀ (z1, z2) ∈ R× R ∪ R× iR.
Then f = 0 a.e. on C2. If it is going to be happen that a 2-dimensional set S is
a set of injectivity for the TSM for Lq(C2), then it would be a surprise contrast to
fact that least dimension required for injectivity set for the spherical means on R4 is
essentially 3.

8a. A set K ⊂ Rn (n ≥ 2) is said to be a cone if λK ⊆ K, for all λ ≥ 0. In the
result by Agranovsky et al. [6], it has been proved that cone K is a set of injectivity
for the spherical means on C(Rn) if and only if K is not contained in the zero set
of any homogeneous harmonic polynomial. We are doing an analogous result for
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the twisted spherical means on Cn (n ≥ 2). Since bi-graded spherical harmonics are
complex cone, we are considering complex cone in Cn. That is, a set K ⊂ Cn (n ≥ 2)
satisfying λK ⊆ K, for all λ ∈ C. We have shown that a complex cone K is a
set of injectivity for the TSM if and only if K is not contained in the zero set of
any bi-graded homogeneous harmonic polynomial on Cn. Since a non-trivial complex
cone in Cn can have dimension at most 2n− 2, therefore, it follows that a (2n− 2)-
dimensional entity is set of injectivity for the TSM on Cn. This is a sharp contrast
with known results in the Euclidean setup Rn, where the least dimension for a set to
be set of injectivity for the spherical means is n − 1. This work [29] is appeared in
Trans. Amer. Math. Soc. 368 (2016), no. 3, 1941-1957 and is also available
at: DOI: arXiv:1306.5658.

8b. Let us call a set K ⊂ Cn to be non-harmonic set if and only if it is not
contained in the zero set of any homogeneous harmonic polynomial. The zero set of
the polynomial P (z1, z2) = az1z̄2 + |z|2, where a 6= 0 is a non-harmonic cone in C2.
For p, q ∈ Z+, let Pp,q denote the space of all polynomials P in z and z̄ of the form

P (z) =
∑
|α|=p

∑
|β|=q

cαβz
αz̄β.

We have shown that for p ≥ 1, each of the space Pp,p has at least one member which
corresponds to a non-harmonic complex cone. However, it is intersecting to know
that whether the non-diagonal Pp,q with p, q ≥ 1 has at least one member which
corresponds to a non-harmonic complex cone.

8c. In the article [6], it has been shown that a set K ⊂ Sn−1 is a set of injectivity
for the geodesic spherical means for C(Sn−1) if and only if K is not contained in the
zero set of any spherical harmonics. We are thinking an analogous problem in the
Heisenberg group set up.

9. Let µ be a finite Borel measure which is supported on a curve γ and S be
a non-empty set in R2. Then the pair (γ, S) is called a Heisenberg uniqueness pairs
(HUP) for µ if its Fourier transform µ̂(x, y) = 0, ∀ (x, y) ∈ S, implies µ = 0.
In a recent work [15], Hedenmalm et al. prove the following result. Suppose µ is
supported on hyperbola γ = {(x, y) : xy = 1} and µ̂ vanishes on the lattice-cross
S = αZ × {0} ∪ {0} × βZ. Then µ = 0 if and only if αβ ≤ 1, where α, β ∈ R+. In
view of this result and the fact that ϕ0

k × µ is real analytic, it is natural to ask the
following question. Let µ be a finite measure supported on a real analytic curve γ
and S be a non-empty set in C. Then find all those non-trivial pair (γ, S) such that
ϕ0
k × µ(z) = 0, ∀z ∈ S and ∀k ≥ 0. Implies µ = 0.

10. In a recent work [30], B. Rubin establishes the mapping property of Radon
transform over hyperplanes in the set up of Heisenberg group Hn. In a meeting (ICM
2010), he propose the problem: mapping property of k-plane Radon transform. We
would like to study this problem.
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